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ABSTRACT 
An inverse dynamics approach is applied to assess the relationship and 

establish an adjustable balance between acceleration performance, slip energy 

efficiency, and mobility margins of a wheel of a vehicle with four wheels 

individually-driven by electric DC motors. The time history of the reference wheel 

torques are recovered which would enable the motion at the desired linear velocity. 

Target velocity profiles are applied which provide different rates of acceleration. 

The profiles are simulated in stochastic terrain conditions which represent 

continuously changing, uncertain terrain characteristics with various quality of 

rolling resistance and peak friction coefficient. A wheel mobility margin is 

determined to track how close a driving wheel is to immobilization.  When moving 

in drastically changing stochastic terrain conditions, boundaries are adjusted to 

accommodate changes in the resistance to motion in order to guarantee the motion 

while not exceeding limits which would cause excessive tire slippage. The 

mathematical models were developed in a way to facilitate their applicability for 

autonomous vehicles.   
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1. INTRODUCTION 
The mobility and the energy efficiency of vehicles 

are aspects that have been studied using different 

approaches. Approaches to assess mobility include 

terramechanics and vehicle dynamics-based 

methods. To evaluate mobility with terramechanics 

methods, a large amount of experimental data is 

needed; data compiled from field and laboratory 

tests is used to authenticate mobility prediction 

models for evaluating tractive performance of off-

road vehicle motion [1, 2]. Sophisticated computer 

models of soil elements have high computational 

complexity that limit real-time application and 

work is being done to improve the efficiency of 

models to bring down the computation time [3].  

From the vehicle dynamics side of mobility, the 

use of individual electric motors has been studied 
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for application to traction, slip, and speed control 

functions in conditions including off-road motion, 

icy roads, and hill climbing [4]. To bridge the 

terramechanics and vehicle dynamics aspects of 

mobility, applications of sensors are applied to link 

measurements of soil information to wheel 

parameters and forces [5]. Another goal of research 

is the improvement of energy efficiency through 

application of wheel control algorithms [6].  

Mobility and energy efficiency were never 

considered together to establish reasonable balance 

and limits for improving and sacrificing one for 

another. They are instead considered separately or 

as the same problem. In this paper, mobility and 

energy efficiency are considered as separate aspects 

and an approach considered to evaluate and make 

tradeoffs between them. 

Terrain mobility of a vehicle is its overall 

capability to move from place to place while 

retaining its ability to perform its primary 

task/mission. The ability to perform the task can be 

evaluated by the vehicle’s ability to meet a desired 

velocity and its changes, i.e., an acceleration 

profile, while the capability to move is determined 

by the mobility margins. A mobility margin is 

defined as the relation of the current state of the 

vehicle or wheel to its immobilization state. When 

the vehicle has sufficient mobility margins, it still 

possesses the ability to increase velocity without 

becoming immobilized. Drops in the mobility 

margins are accompanied obviously by increases in 

tire slippage. Autonomous vehicle control systems, 

when being designed for off-road use, require the 

ability to evaluate the mobility margins.  

Energy efficiency is another crucial operational 

property that an autonomous electric vehicle should 

be able to self-assess and control [7, 8]. Tire 

slippage, which is paramount for mobility 

assessment, also impacts energy efficiency as 

power losses due to slippage. Thus, studying the 

impact the tire slippage on mobility (in terms of 

performance and margins) and energy efficiency 

becomes important for establishing reasonable 

balance that can be used in on-board assessment 

and controls of autonomous vehicles.  

Slip power is the power lost in deflecting the tire 

and the soil in the longitudinal direction, resulting 

in loss of the linear velocity of the wheel 𝑉𝛿 given 

by the expression [9] 

 

 𝑉𝛿 = 𝑉𝑡 − 𝑉𝑥  (1) 

 

where 𝑉𝑥 is the actual linear velocity and 𝑉𝑡 is the 

theoretical linear velocity without slip.  

The rolling radius 𝑟𝑤 of a wheel with an elastic 

tire is the radius of a hypothetical rigid wheel that 

has the same linear velocity 𝑉𝑥 as the real pneumatic 

wheel [9]. Rolling radius 𝑟𝑤 is the non-physically 

measurable radius which gives velocity 𝑉𝑥 when 

multiplied by the wheel’s angular velocity 𝜔𝑤: 

 

 𝑉𝑥 = 𝑟𝑤𝜔𝑤 (2) 

 

The theoretical linear velocity 𝑉𝑡 is determined 

using the rolling radius in the driven mode 𝑟𝑤
0 

(wheel is driven with zero applied torque) as the 

reference rolling radius of the tire without slip [9]. 

 

  𝑉𝑡 = 𝑟𝑤
0𝜔𝑤 (3) 

 

Equation (1), after substituting the components of 

𝑉𝑥 and 𝑉𝑡 and multiplying by the wheel 

circumferential force 𝐹𝑥, gives the slip power: 

 

 𝑃𝛿 = 𝐹𝑥𝜔𝑤(𝑟𝑤
0 − 𝑟𝑤) (4) 

 

In this paper, a method is devised to assess 

mobility margins of a wheel of 4x4 vehicle with 

individually-driven wheels. The overall goal of the 

task in simulation is to aim for fast-enough-

acceleration to a target linear velocity while 

maintaining tire mobility margins at high levels. 

The dynamically varying balance between 

acceleration performance and energy efficiency is 

established for different levels of the mobility 

margins. For this purpose, an inverse dynamics 

approach is developed in the paper to involve the 
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calculation of wheel forces or torques that 

correspond to given target kinematic parameters of 

the vehicle.  

 

2. INVERSE DYNAMICS MODEL 
  In the inverse dynamics approach, the reference 

wheel torque can be obtained from a given 

reference velocity 𝑉𝑥 = 𝑓(𝑡). Forces, torques, and 

kinematic parameters are shown in figure 1 for a 

single-wheel module. 

 
Figure 1: Wheel in non-stationary motion 

 

The reference torque 𝑇𝑤 is 

 

 𝑇𝑤 = 𝐹𝑥𝑟𝑤
0 + 𝐽𝑒𝑞𝜀𝑤 + 𝐵𝑒𝑞𝜔𝑤 (5) 

 

where 𝐹𝑥 is the wheel circumferential force, 𝐽𝑒𝑞 and 

𝐵𝑒𝑞 are the rotational inertia and damping of the 

wheel and driveline reduced to the wheel axis, and 

𝜀𝑤 is the angular acceleration. An empirical 

formula (6) relates 𝑟𝑤
0 to the tire inflation pressure 

𝑝𝑤 and the normal reaction 𝑅𝑧 [10]. 

 

 𝑟𝑤
0 = 𝑟

𝑟𝑝𝑤+𝜐1𝑅𝑧

𝑟𝑝𝑤+𝜐2𝑅𝑧
 (6) 

  

𝜐1 and 𝜐2 are empirical coefficients determined 

from experimental data of a tire. The 

circumferential force is the force at the tire patch 

developed by the wheel torque which provides the 

traction. For the reference velocity profile, 𝐹𝑥 is 

 

 𝐹𝑥 = 𝑅𝑥 + 𝐹𝑓𝑟𝑎𝑚𝑒.𝑥 + 𝐷𝑎 + 𝐹𝑎 (7) 

 

where 𝑅𝑥 is the stochastic rolling resistance 

modeled with the method described in [11], 

𝐹𝑓𝑟𝑎𝑚𝑒.𝑥 is the force from the vehicle 

frame/drawbar pull, 𝐷𝑎 is a part of the vehicle air 

drag computed based on the given velocity profile, 

and 𝐹𝑎 is the acceleration force obtained by 

multiplying the wheel module mass by the 

reference linear acceleration. Thus, equation (7) 

represents the inverse dynamics approach, in which 

the wheel circumferential force is computed for 

given kinematic parameters.   

Circumferential force is linked to the tire 

slippage; the following nonlinear equation is used 

to calculate tire slippage 𝑠𝛿 from the 

circumferential force [9]: 

 

 𝐹𝑥 = 𝜇𝑝𝑥𝑅𝑧(1 − 𝑒−𝑘𝑠𝛿) (8) 

 

𝜇𝑝𝑥 is the peak friction coefficient and 𝑘 is an 

empirical factor obtained from approximation of 

experimental data.  

The meaning of the peak friction coefficient can 

be understood from figure 2 and equations (9-10). 

When 𝐹𝑥 is normalized by the normal reaction 𝑅𝑧, 

the result is the current friction coefficient 𝜇𝑥: 

 

 𝜇𝑥 = 𝜇𝑝𝑥(1 − 𝑒−𝑘𝑠𝛿) (9) 

 

𝜇𝑥 represents the percentage of the normal 

reaction 𝑅𝑧 that is utilized in generating the 

circumferential force 𝐹𝑥needed for motion under 

the given conditions [9]: 

 

 𝜇𝑥 =
𝐹𝑥

𝑅𝑧
 (10) 
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Figure 2 is a plot of the normalized slippage curve 

from equation (9). 

 
Figure 2: Stochastic current and peak friction coefficients 

µx and µpx 

 

 𝜇𝑥 asymptotically approaches 𝜇𝑝𝑥. The peak 

friction coefficient determines the maximum 

possible circumferential force under the current 

traction condition; 𝜇𝑝𝑥 is not a constant but a 

stochastic variable [11]. If the values taken by 𝜇𝑥 

during the wheel motion overlap the range in 

stochastic values of 𝜇𝑝𝑥, the wheel is at risk of 

immobilization. The stochastic peak friction 

coefficient can change drastically when a wheel 

moves from one terrain condition to another. As 

seen in the dashed line section of the curve in figure 

2, when 𝜇𝑥 is getting close to 𝜇𝑝𝑥, the slippage 

starts to increase rapidly and the wheel is very close 

to becoming immobilized since slippage is 

drastically increasing to its higher values.  

As an estimate of the wheel mobility, the Wheel 

Mobility Index (𝑊𝑀𝐼) is used [12]. 

 

 𝑊𝑀𝐼 = 1 −
𝐹𝑥

𝐹𝑥
𝑚𝑎𝑥 = 1 −

𝐹𝑥

𝜇𝑝𝑥𝑅𝑧
 (11) 

 

𝑊𝑀𝐼 is the remaining capacity for mobility 

(mobility margin) obtained by comparing the 

current f 𝐹𝑥 to the maximum 𝐹𝑥
𝑚𝑎𝑥 = 𝜇𝑝𝑥𝑅𝑧 from 

the traction-slip curve in equation (8). For non-

steady motion, the 𝑊𝑀𝐼 is re-written in terms of 

wheel torque with the inertia and damping terms 

included. 

 

 𝑊𝑀𝐼 = 1 −
𝑇𝑤−𝐽𝑒𝑞𝜀𝑤−𝐵𝑒𝑞𝜔𝑤

𝑟𝑤
0 𝜇𝑝𝑥𝑅𝑧

 (12) 

 

The wheel maintains a margin of mobility when its 

current friction coefficient is less than the 

maximum, meaning the wheel still has a margin to 

increase acceleration or overcome additional 

resistance without leading to immobilization.  

The wheel’s angular velocity may be obtained by 

dividing linear velocity, which is assigned in the 

velocity profile, by the tire rolling radius in the 

driving mode at a non-zero torque.  

 

 𝜔𝑤 =
𝑉𝑥

𝑟𝑤
 (13) 

 

The tire rolling radius in the driving mode, 𝑟𝑤, 

accounts for the decrease in velocity due to tire 

slippage from the theoretical velocity 𝑉𝑡 without 

slip to velocity 𝑉𝑥: 

 

 𝑠𝛿 =
𝑉𝑡−𝑉𝑥

𝑉𝑡
=

𝜔𝑤𝑟𝑤
0 −𝜔𝑤𝑟𝑤

𝜔𝑤𝑟𝑤
0 = 1 −

𝑟𝑤

𝑟𝑤
0  (14) 

 

Solving for 𝑟𝑤 allows the rolling radius of a 

driving wheel to be calculated from the slippage 

and rolling radius in the driven mode 𝑟𝑤
0. 

 

 𝑟𝑤 = 𝑟𝑤
0(1 − 𝑠𝛿) (15) 

 

 

3. INVERSE DYNAMICS SIMULATION 
RESULTS 

A simulation model was created of individually-

driven wheel module of a 4x4 vehicle with four 

wheels individually-driven by electric DC motors. 

The wheel module has a sprung mass of 1649 kg 

and unpsrung mass of 236 kg. A set of three 

velocity profiles was generated for an acceleration 

from 0 to 40 mph in 30 seconds. Shown in figure 3, 

the profiles 1-3 have different accelerations to the 

target speed; the maximum acceleration is given in 

Table 1.  
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Figure 3: Reference velocity profiles 

 

Table 1: Maximum acceleration in m/sec2 

Profile 1 2 3 

Max Acceleration 4.7236  3.3499  2.7260 

 

A terrain input was generated using the process 

detailed in [11]. The stochastically-varying ground 

height produces stochastic variance in the peak 

friction coefficient, used in equation (8), and the 

rolling resistance coefficient. The rolling resistance 

coefficient, when multiplied by the normal 

reaction, determines the magnitude of the rolling 

resistance force 𝑅𝑥. Two terrains were generated, a 

meadow (off-road condition) and asphalt road 

(figure 4). 

 
 

Figure 4: Stochastic terrain conditions 

 

Figure 5 shows the required wheel torques for the 

wheel to make each of the three velocity profiles 

given in figure 4 on the two terrains. 

 

 
Figure 5: Wheel torques 

 

Figure 6 shows the wheel tire slippage ratios. The 

higher torques of profile 1 allow the wheel to reach 

higher acceleration, but also produce higher 

circumferential forces and tire slippage. 
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Figure 6: Tire slippage ratios 

 

Figure 7 is the power losses due to the tire 

slippage and figure 8 shows the driving mode 

rolling radius, which decreases with increases in 

slippage. 

 

 
Figure 7: Slip power losses 

 

 
Figure 8: Driving mode rolling radius 

 

The mobility margins are shown by the WMI in 

figure 9. With the first profile, on meadow terrain 

the WMI drops critically low at the beginning of the 

motions, which correspond to the drops in rolling 

radius and excessive slip power losses in figures 7 

and 8.  

 

 
Figure 9: Wheel mobility index 

 

Figures 10 and 11 plot the relation between the 

speed, mobility margin, and slip power losses to 

more clearly show the change in mobility 

performance and power losses when selecting 

profiles 1-3. 

 
Figure 10: WMI vs. linear speed 

 

 
Figure 11: Slip power losses vs. linear speed 

 

For the meadow terrain, a reduction in the torque 

or one of the less aggressive velocity profiles is 

needed to ensure mobility performance and avoid 

excessive power losses.  

Figure 12 shows the mobility margin plotted 

against the torque. 
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Figure 12: Relationship between torque and mobility 

index 

 

The distribution of data points demonstrates an 

inverse relationship between the wheel torque and 

mobility margins, in which all three profiles follow 

the same pattern. In figure 13, a linear function was 

fitted to the points for both terrains. 

 

 
Figure 13: Linear function approximating the relationship 

between torque and mobility index 

 

Figure 13 allows the determination of mobility 

margins-based torque boundaries. A limit on the 

torque may be selected which corresponds to a 

chosen mobility margin. 

To evaluate the acceleration performance of the 

wheel along with the energy efficiency when 

different margins are selected, a series of 

simulations were run using wheel torques selected 

to match a range of WMI boundaries from figure 

13. The results are summarized in figures 14 and 

15. The curves show a characteristic of the time to 

accelerate up to 40 mph plotted alongside a 

characteristic of the work done on tire slippage, 

obtained by summing the total slip power losses 

over the period of motion. The characteristics of the 

time and work are obtained by normalizing by their 

minimum and maximum values. 

 
 

 
Figure 14: Tradeoff between acceleration time and energy 

losses (asphalt) 

 

 

 
Figure 15: Tradeoff between acceleration time and energy 

losses (meadow) 

 

The graphs allow analysis of the tradeoffs 

between performance, characterized by the 

acceleration time, and energy efficiency, 

characterized by the work when selecting a 

particular mobility margin. A lower acceleration 
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time is achieved by selecting a lower boundary 

from the left side of the chart. As the boundary is 

increased moving to the right side of the chart, the 

work decreases while the acceleration time 

increases. On the meadow terrain, a very strict 

boundary above 0.7 results in a degradation in 

efficiency as more power is expended across the 

long acceleration time than is saved by the lessened 

acceleration. A more efficient result is achieved by 

selecting a balanced boundary at the intersection of 

the two curves. 

When the vehicle moves from one terrain to 

another (figure 16), friction and rolling resistance 

characteristics can change quickly, requiring quick 

adaptation. 

 

 
Figure 16: Changing terrain profile 

 

In figure 17, a wheel torque was selected to keep 

an average WMI of 60%. When the wheel 

encounters the drop in the peak friction coefficient, 

the slippage increases with a corresponding drop in 

WMI. 

 

 
Figure 17: Slippage and WMI on changing terrain, 

constant torque boundary 

 

In figure 18, the torque boundary is changed upon 

crossing the terrain boundary, resulting in the linear 

velocity shown. 

 

 
Figure 18: Linear velocity on changing terrain  

 

The torque is dropped to maintain the margin of 

60%, allowing the wheel to maintain the WMI at a 

consistent level and avoid increase in the slippage. 
 

 
 

Figure 19: Slippage and WMI on changing terrain, 

changed torque boundary 

 

Results in figures 14-19 are not using the same 

velocity profiles, but were built based on the 

torque-WMI relationship derived from the original 

velocity profiles. As shown by figure 12, the 

function relating the torque and WMI can be 

obtained for any given profiles of the original 

velocities, which can be assigned based on the tasks 

of the vehicle. 
 

4. CONCLUSION 
An inverse dynamics problem was formulated to 

establish a dynamic balance between acceleration 

performance and energy efficiency while 

maintaining the Wheel Mobility Index. The 

problem was solved by recovering the wheel torque 

that maintains a given velocity profile. Simulation 
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results of a wheel moving with the recovered 

reference torques were analyzed to determine 

mobility performance and power losses of the 

wheel in stochastic terrain conditions. The wheel 

mobility index was used to determine boundaries 

on the torque which keep mobility at a desired 

margin. The tradeoffs between acceleration 

performance and energy efficiency were analyzed 

when assigning a particular mobility margin. The 

application of the boundaries provides a guideline 

for balancing characteristics for mobility, 

performance, and efficiency of autonomous 

vehicles. 
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