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ABSTRACT

In this paper, a conceptually new research direction of the tire slippage
analysis is provided as a new technological paradigm for agile tire slippage
control. Specifically, the friction coefficient-slippage dynamics is analyzed and its
characteristic parameters are introduced. Next, the nonlinear relation between
the wheel torque and the tire instantaneous rolling radius incorporating the
longitudinal elasticity factor is analyzed. The relation is shown to be related to
the tire slippage. Further, its importance is clarified by deriving its dynamics and
specifically, the instruction is given how it can be utilized to control slippage.
Finally, the indices are introduced to assess the mobility and agility of the wheel
in order to achieve optimal response to severe terrain conditions. The indices
comprise of the introduced friction coefficient-slippage characteristic parameters.
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1. INTRODUCTION

A critical problem in wheel dynamics is to
establish the relationship between the tire
kinematics and force characteristics related to tire
slippage and thus, to estimate and control wheel
mobility and tire-soil power losses. Over the past
decades, parameters and characteristics of the
vehicle-tire-terrain ~ interaction  have  been
thoroughly identified and characterized in
numerous terramechanics and vehicle dynamics
studies [1-3]. However, technical advantages that
autonomy features can bring to dynamics and
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mobility of terrain vehicles urge the need to
review and rethink the current fundamentals of tire
slippage. Consequently, it is required to introduce
a more advanced characterization of tire slippage
for use in autonomous mobility control,
particularly in severe terrain conditions.

The mobility control features are directly
impacted by the tire slippage behavior
characterized based on its temporal variations,
spatial dynamics, and boundaries. Such features
appear in different slippage control approaches
reported in the literature including proportional-
integral (PI) control [4, 5], variable structure PI
(VSP]) control [4, 5], linear quadratic regulator
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(LQR) [6], sliding mode control (SMC) [4, 5, 7],
model predictive control (MPC) [8]. The
underlying basis for these approaches is in
utilizing the tire slippage dynamics given its
boundaries that is the maximum allowed slippage
amplitude.

Nonetheless, vehicle mobility and slippage
highly depend on the terrain and tire attributes and
their interaction dynamics. Specifically, in off-
road applications, they are characterized by high
level of uncertainties due to stochastic conditions,
unevenness, deformability, material, grain size,
and moisture content associated with the terrain.
Thus, it is deemed critical for a robust and agile
vehicle mobility control to establish a unified
analysis trend to characterize tire-soil interaction
and slippage dynamics and attributes. In this
regard, a conceptually new research direction of
the tire slippage analysis is presented as a new
technological paradigm for agile tire slippage
control, which targets extremely fast, precise and
pre-emptive estimation and control solutions with
response time less than the tire relaxation time [9,
10].

2. VEHICLE AGILITY

Agility is an important aspect of vehicles,
particularly combat vehicles of all kinds. For
aerial vehicles, flight agility is defined as the
ability to rapidly transition from one state to
another [11]. For ground vehicles, agility is
phrased or referred to different aspects of vehicle
dynamic behavior such as maneuvering, jerking,
survivability, or cornering performance, which
may depend on design balance, terrain, weather
and a specified mission profile [12-14]. More
discussion can be found in [14].

In this paper, however, agility in autonomous
vehicle control relates to performance that the
vehicle is expected to demonstrate in much more
severe terrain conditions than conventional
vehicles with operators. Specifically, it is thought
of as a very fast (hyper dynamic), precise, and
continuously reproduced response of decision

making and control systems to provide and
maintain required autonomous vehicle
performance in the presence of unexpected man-
made and uncertain terrain.

The underlying dynamical attribute that
determines the agility performance of a vehicle is
its response time of traction/mobility control
systems to a change of tire gripping conditions.
There are three distinct dynamical features/sub-
systems affecting a control system’s response time
and thus, its agility performance: 1) the plant,
which comprises the physical system, 2) the
sensory data acquisition and estimation processes,
and 3) the actuation and control processes. Due to
interconnection of these dynamical sub-systems,
the closed-loop system’s response time is a
function of the summation of the lags induced by
each of these sub-systems. Therefore, the vehicle
agility infers the agility of all its sub-systems.

The response time of current control systems is
over 100 to 120 milliseconds, which is higher than
the tire relaxation time ranging from 40 to 80
milliseconds [15]. Thus, the wheels already spin
before the traction control engages and vehicle
mobility is lost. Further improvements of terrain
mobility of vehicles can be achieved by reducing
the response time of the control systems. Thus,
development of such control systems requires a
comprehensive rethinking of the tire slippage
dynamics and its inherent coupling with forward
linear and rotational dynamics as well as normal
dynamics of the wheel itself.

An enabling technology to address the above
problem is electric drivetrains, and in particular of
in-wheel-motor (IWM) [16, 17], which enhances
the potential for agile mobility control and
maneuverability and energy efficiency
optimization of vehicles. The underlying
potentials are three-fold: 1) a faster response and
higher bandwidth due to electric motor dynamics
characteristics and a compact mechanical driveline
for power delivery, 2) a more precise torque
modulation, and 3) coordinated control of all
individual wheels [4, 8, 18]. The next section
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discusses the dynamics of a system comprising the
IWM technology.

3. DYNAMICS OF A SINGLE-WHEEL
MODULE (SWM)

This paper presents an analysis of the tire
slippage process in stochastic terrain conditions
and develops a set of tire-soil characteristics for
modeling, estimation and control of agile tire
slippage. To illustrate the results a single-wheel
module (SWM) is being utilized. The SWM is a
simulation model of a quarter of a 4x4 vehicle
including a single wheel-tire system, propulsion
system (electric motor and driveline), brake,
suspension, and steering. Further, it is equipped
with an IWM technology, which unlike
conventional drivelines, it offers a compact
mechanical path for power delivery. Such a
mechanical design in combination with a fast
electrical motor with a response time in the range
of a few milliseconds, satisfies the physical
system’s agility requirements.

Electric
Motor

Terrain

Figure 1. The propulsion system of the SWM.

Figure 1 illustrates the schematic of the
propulsion system of the SWM. This sub-system
is powered by an electric motor whose generated
power is transmitted through a reduction gear set
to the wheel, and thus, drives the SWM forward.

The rotational dynamics of the wheel is given as

m&r{jnw—m&» (1)

where T,(-):R—>R is the wheel torque,
Tw1():R = R is the wheel load torque, rolling
resistance, Joq 18 the equivalent rotational inertia
of the rotating components of the SWM (including
the rotor shaft, the gears and the wheel) calculated
at the wheel side.

The longitudinal dynamics is given as

By = = (Fe(t) = Re(£)), @)

where v, € R is the wheel linear speed, F, (-
):R—> R is the circumferential reaction force,
R,():R > R is the resistance to motion force
including the rolling resistance, the drag force, the
drawbar force, and the resistance due to road slope
(defined as (mg + m,)gsinf, where mg and m,
are the sprung and unsprung masses, respectively,
g is the gravity acceleration, and 6 € R is the
slope of the road), and M £ mg + m,,.

Terrain

Figure 2. The sprung-unsprung mass system of the SWM.

The dynamics of the sprung-unsprung mass
system (Figure 2) is given as

70 = = (70 - 2®) + 2 (2O - z0), ()

Z,@t) = ,:l_su (25(8) = 2,(1)) + r:_i (zs(6) — z,(D)
+2—i(z'g(t) - z'u(t)) + Z—ti(zg(t) - zu(t))’ (4)
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where zg,z, € R are the vertical displacement of
the sprung mass and unsprung mass, respectively,
Zg € R is the terrain height with respect to a global
reference, kg, cs are the stiffness and damping
coefficient of the sprung mass, kg, Cg are the
equivalent stiffness and damping coefficient of the
tire-ground.

Note that the rotational dynamics is coupled with
the longitudinal dynamics as well as the normal
dynamics of the sprung-unsprung sub-system
dynamics through the tire-terrain interaction. The
relations are given as

T () = rv?/Fx(t) = Ty R, (1), (5)
Ry (£) = (mg +my,) geosf(t) + cyg (25(6) — 2u(0))
+hig (25(6) — 2y(©)). (6)

where E.(1):R — R is the circumferential force,
R,():R - R is the normal reaction force, 0 is
the rolling radius of the tire in driven mode
calculated for zero wheel torque, and p, € (0,1) is
the current friction coefficient, which is the
normalized circumferential force that generally
depends on the tire-terrain attributes and is
functionally linked to the tire slippage. The tire
slippage or slip ratio is a non-dimensional measure
of the difference of the wheel actual linear speed,
v,, and its theoretical linear speed at zero

slippage,  v(t) £ rdw,,(t). The slippage
definition is given as
s5(t) = 1 — 20 (7

T\(/)vww(t).

The current friction coefficient model for off-
road application defined in [3] is given as

,le(t) = /-lpx(1 - exp(_kS(S(t)))a (8)

where pp, € (0,1) is the peak friction coefficient,
and k > 0 is an empirical factor that depends on

the tire and terrain properties. Figure 3 depicts
such a relation for different values of the peak
friction coefficient and the parameter k.
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Figure 3. The typical relation between the friction
coefficient and the slippage in off-road terrains.

4. SLIPPAGE DYNAMICS

The tire slippage is a function of the wheel linear
and angular speeds. The variation of the slippage
with respect to time is given as

Dw (D) vx () —ww ()05 (1) 9)

T (t) ’

$s(t) =

where w,, (t) and v, (t) are given by equations (1)
and (2), respectively. Equation (7) indicates that
the slippage variation is a function of the forward
linear and rotational dynamics, which are coupled
through tire-soil interaction and essentially due to
the traction force. The slippage rate can indicate if
the wheel is about to spin and loose traction or is
already spinning and lost traction. At this critical
condition, the slippage rate is increasing very fast.
This analysis incorporates rate of two key
variables utilized to assess the slippage behavior:
the slippage and the friction coefficient, which are
related as

duyx(t) _ ()
dss(t)  $s(t) (10)
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The importance of equation (10) is with the fact
that it correlates the friction coefficient-slippage
space to the dynamics of the wheel. Further, the
instantaneous time derivatives can be estimated by
which a direct analysis of the slippage
characteristics is possible. Considering the traction
force-slippage relation, the critical condition is
defined as the area of the peak traction force, or
when the rate of changes of the traction force is
close to zero that is E.(t) ~ 0. Considering this
definition, the slippage dynamics at the critical
condition is obtained. Assuming that the resisting
forces acting on the wheel is quasi-stationary, it is
concluded from equation (2) that v, (t) = 0. Thus
equation (9) yields

Ww (v () (11)

T % (t)

$s(t) =

Rewriting equation (11) gives

ss(0) _ dss(®) _ vx(®) (12)

ow(®)  dow®  rQwi(®)’

Note that v, (t) = v, is almost constant at the
critical situation. Thus,

dsg(t) K
dow(®) w4’

(13)

where k £ v, /1) is almost constant. Integrating
equation (13) gives

K
ww ()

Sé‘(t) =1-

(14)

Equation (14) indicates that during the mobility
critical conditions, the wheel angular speed
increases very fast with the growth of slippage.
This behavior is illustrated in Figure 4. The plots
are associated with those in Figure 3.
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Figure 4. The effect of the slippage growth on the wheel
angular speed at the mobility critical condition.

4.1. CHARACTERISTIC SLIPPAGE

It is essential for mobility control to know when
the systems enters the critical mobility condition
as illustrated in Figure 4. The onset of the critical
mobility condition is identified by the
characteristic slippage defined as a slippage after
which the traction-slippage characteristic becomes
quasi-linear. The nonlinearity of a continuous
function can be identified by non-zero higher
order derivatives (orders more than one), which
contribute to nonlinear terms in its Taylor
expansion. The second derivative of equation (8)
gives

s L0
v(sy) 2 25 = K, exp(—ksy(0), (19

where v is the curvature of friction coefficient-
slippage diagram. The characteristic slippage, Ssc,
is associated with a characteristic curvature after
which the behavior of the traction-slippage is
quasi-linear. Let v(ssc) =v.. Then, the
characteristic slippage is obtained as

1 k2 ppx
Ssc — ELn——V]C) (16)

Note that the characteristic curvature, v, is a
mathematical parameter, which is related to the
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friction coefficient-slippage curve comprising
normalized non-dimensional variables. Thus, a
single value can be chosen for v, addressing all
different friction coefficient-slippage curves.
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Figure 5. The curvature of the friction coefficient as an
indicator of the slippage behavior.

The curvature of friction coefficient-slippage of
equation (8) is illustrated in Figure 5. The plots are
associated with those in Figure 3. The horizontal
dashed line is with the characteristic curvature
(vc = —2), which roughly separates the nonlinear
and quasi-linear sections. The intersections of the
horizontal line and the curves determine their
respective characteristic slippages. For instance,
the characteristic slippage for the blue curve is
about 20%, while it is about 45% for the dotted
red curve.

Substituting the characteristic slippage of
equation (16) into equation (8) yields

V¢

Hxc = Hpx <1 + kszCpx) = Upx t X2 (17)

where p,. is the characteristic friction coefficient,
which indicates the maximum friction coefficient
the wheel can reach before it loses mobility. Note
that uyc < ppy, since the characteristic curvature
is negative.

5. TIRE
RADIUS
The instantaneous rolling radius intrinsically
depends on the wheel torque. The relation is
nonlinear in general and can be expressed as

INSTANTANEOUS ROLLING

rw(®) = f(Tu (), (18)

where f(-):R — R. One form of f(+) is given as
[3]

rw(t) = 1y — A (T (0), (19)

where 4,,(-): R = R is the longitudinal elasticity
factor of a tire on the road or the combined
elasticity factor of a tire and soil in off-road

terrain. The above relation is illustrated in Figure
6.

Figure 6. The general nonlinear relation between the
instantaneous tire rolling radius and the wheel torque.

Rewriting equation (19) gives

_ ry=rw(®) _ ndss®
Aw(6) = Tw(t) — Tw(® (20)

Note that A,,(t) = 0 since Ty, (t)ss(t) = 0. If the
longitudinal elasticity factor is given, then the
dynamical relation of the tire slippage and the
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wheel torque is known. The dynamics of the tire
longitudinal elasticity factor is obtained by
differentiating equation (20) with respect to time.
Specifically, one can get

1085 (t) = Ay (D) Ty (£) + Ty (D Ay (6) (21)

The importance of equations (20)-(21) is that
they are keys to the slippage control design.
Specifically, from a control design perspective, it
is desirable to know how the wheel torque should
be adjusted in order for the instantaneous rolling
radius and thus, the slippage to have a specific
dynamical behavior. For instance, during
acceleration or braking, the magnitude of the
slippage should be the maximum allowed, that is
the characteristic slippage. For a general case of
slippage control, one can define the slippage
tracking error as e (t) £ ss(t) — ss.(t), where
ssr(+) is the reference slippage. Next consider a
stable profile given by

és(t) + Kes(t) =0 (22)

where K > 0 is the proportional control gain.
Substituting slippage and its time derivative from
equations (20)-(21) into equation (22) yields

Aw(t)Tw(t) = _;{w(t)Tw(t) - K/lw(t)Tw(t)
+1w (Bor(8) + Ks5e(1)) (23)

The wheel torque is considered as a reference
torque for the lower level control at the electric
motor side. Further, note that the wheel torque is
proportional to the electric current of the electric
motor (in either AC or DC type) assuming that the
flexibility of the mechanical connection between
the motor and the wheel is negligible. Thus,
equation (23) can be expanded to obtain a control
solution as T, (t) is inherently a function of the
control input at the electric motor side.

6. MOBILITY

An on-line vehicle dynamics-based mobility
estimation method is proposed in [19, 20].
Specifically, the method is based on the wheel
mobility index (WMI) given as [19, 20]

M, (t) =1 — =0 (24)

Hpx

Equation (24) linearly relates the current friction
coefficient to the wheel mobility and in particular,
it states that if the current friction coefficient is
equal to the peak friction coefficient, the mobility
is zero. However, it is desired that the friction
coefficient stays below its characteristic value. In
order to incorporate the characteristic friction
coefficient in the definition, a modified WMI is
introduced given as

- MX(t): Sd(t) < Ssc
Hxc .

0r Sd(t) > 56C

m,, (1) = { (25)

Further, the combined wheel mobility-agility
index (WMAI) is introduced by incorporating the
friction coefficient into WMI or its modified
variation. Specifically, the WMAI based on
equation (24) is given as

M (6) = (0 (1 - 222, 26)

Alternatively, the WMAI based on equation (25)
is given as

x(£)
e (1 -222), 5500 < ssc

Ol SS(t) > 56C

ﬁaw(t) = - (27)

The WMALI determines the optimal ranges of tire
slippage where the mobility is good while the
traction is sufficient for agile response to severe
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terrain conditions such as a transition to low
friction terrain. The relations are illustrated in
Figure 8 and Figure 8 for different friction
coefficient-slippage diagrams of Figure 5.
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Figure 7. Illustration of the WMALI for different friction
coefficient attributes based on the WMI.
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Figure 8. Illustration of the WMALI for different friction
coefficient attributes based on the modified WMI.

The WMAI and the modified WMALI indicate
almost similar optimal slippage regions for a
single wheel dynamics. Nonetheless, the modified
WMAI imposes boundary conditions on the
optimal solution that is the slippage must be less
than its characteristic value. This is particularly
important when a mobility optimization problem
for a vehicle is considered. Each wheel of a
vehicle might exhibit different dynamic attributes
due to different tire-terrain dynamics, steering,
curvilinear motion, and side slip. Thus, the overall

optimal solution may lead to a wheel operate with
high slippage. The utilization of the modified
WMAI for optimal problem for a vehicle
facilitates direct implementation of the boundary
conditions and ensures that the slippages of all
wheels are maintained below their characteristic
values.

7. CONCLUSION

In this paper, a conceptually new research
direction of the tire slippage analysis was provided
as a new technological paradigm for agile tire
slippage control. The analysis focused on how the
friction  coefficient-slippage  attributes  and
dynamics can contribute to wheel mobility and
agile control. A similar analysis was performed for
the wheel torque utilizing its relation with the tire
instantaneous rolling radius and thus, tire slippage.
Finally, the indices were introduced to assess the
mobility and agility of the wheel dynamics in
order to achieve optimal response to severe terrain
conditions. The indices comprise of the introduced
friction coefficient-slippage characteristic
parameters. The results will be used in another
research work to design agile control system for a
SWM.
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